First order conditions are given which are necessary for a commutative regular ring to have a prime integrally closed extension.
ABSTRACT.
First order conditions are given which are necessary for a commutative regular ring to have a prime integrally closed extension.
If the ring is countable these conditions are also sufficient.
In [8] an example was given of a commutative regular ring with no prime model extension to a commutative integrally closed regular ring. In this paper we give (in §2) first order conditions which are necessary for a commutative regular ring, R, to have a prime extension to an integrally closed regular ring. In the case that R is countable these conditions are also sufficient ( §3). They are, however, not sufficient in the case that R is uncountable ( §4).
In [1] and [5] (see also [6] and [9] ) it was shown that the theory K - There is a one-to-one correspondence between clopen subsets of SR, and idempotents of R given by e £ R correspond to \s £ SR\e(s) = 1} = E . We say that a relation among elements of R holds on idempotent e if for every s £ Eg the relation is true mod s. We say that a relation holds at a point s £ SR if it is true mod s in R/s.
CR IS t'ie tneory °f commutative regular rings. K--= KCR U {every monic polynomial has a root} is the theory of integrally closed regular rings. KCR = KCR U {there are no minimal (4 0) idempotents} and K--= K-U {there are no minimal (4 0) idempotents} (cf. [5] ).
If Tj and T2, Tj C T2, are two theories and SI \= Tv SI C Q |= T2 then we call Q a prime model extension of SI to a model of T2 if whenever Q \= T2 and cp: SI -* Q is an embedding, there is an extension of rp to an embedding of 0 into Q '. Q is called minimal if SI C Q ' C C |= T2, C ' |= T2
implies Q = C It is well known (cf. [7] ) that if Q is a minimal prime model p(x) is a power of a polynomial irreducible at s, of degree > 0 at s. It is shown in [5] that if cf>(a., ..., a ) is any quantifier free relation among a.,
..., a £ R \= KCR then there is an idempotent e £ R such that <p holds at every point of Eg and fails at every point of SR -Eg = E._g. Using this is not hard to see that the Euclidean algorithm holds in R and hence that if After a finite number of such steps one will obtain the required polynomial q2(x)A Let T -KCR U jevery monic polynomial of degree n has an unambiguous factor |rz e Ni.
For terms used but not defined in this paper the reader is referred to [5] or [7] . Good references for the algebra in this paper are [2] and [3] .
Necessity.
In this section we show that if R [= KCR then for R to have a prime extension, R, to a model of K^ it is necessary that R J= T.
We also show that if such an R exists then it is unique, up to isomorphism. Then r(a), q(a) es so (r, q)(a) e s', so (r, q) 4 1 at s, i.e., q(x)\r(x) at s and hence on some idempotent 1 -e, e e s. Hence a e (sU \q(a)}).
Lemma 2. // R, a are as above then R[a] \= KCR.
Proof. Let S' be the maximal ideal space of R[a] and let q(a) e R[a],
Without loss of generality we may assume that degree^) < degree(p) = n. q2 can be factored as a product of unambiguous polynomials. This will give the desired result for q..
First we remark that we can take p and q2 to be irreducible and separable. For let ps and qs be the irreducible separable polynomials correspon- where the product is taken over all vectors t and u with entries from the set |l, 2, ..., p], if they are distinct.
Recall that e is the idempotent on which p = 0 holds. On e foi p < p these elements will not be distinct, so we must consider what happens on these idempotents separately. Let e , be the subidempotent of e on which every coefficient of p(x) and q(x) belongs to the finite field with pk elements (i. It is clear that R C R f= KCR. We must show that R is prime over R. So let cp: R -* R. \= KCR. Let e be the iderapotent corresponding to x £ X.
Observe that B iz the unique countable atom free Boolean algebra. Hence for each x £ X there is a copy of B , say Bx with <£(e ) as largest element Remark. If R f= KCR has a prime extension to a model of KCR (or K-) then this prime extension is unique. If SR is not perfect then it is not minimal.
Proposition 3 combined with Theoerms 1 and 2 shows that for R f= KCR to have a prime extension to a model of X-it is necessary that R |= T and that if R = XQ then this condition is also sufficient.
